We consider rank 3 distributions with growth vector (3, 5, 6) . The class of such distributions splits into three subclasses: parabolic, hyperbolic and elliptic. In the present paper, we deal with the parabolic case. We provide a classification of such distributions and exhibit connections between them and Gl(2)-structures. We prove that any Gl(2)-structure on three and four dimensional manifold can be interpreted as a parabolic (3, 5, 6)-distribution.
Introduction
In the recent years Gl(2)-structures have attracted much attention due to their links to ODEs. The first result in this direction goes back to the paper of S-S. Chern [5] who showed that if an ordinary differential equation of third order satisfies Wünschmann condition then it defines a conformal Lorentz metric on its solutions space. The similar observation for ODEs of 4th order was made by R. Bryant in his paper on exotic holonomies [2] . The general case was treated by M. Dunajski and P. Tod [11] whereas a more detailed analysis of equations of order 5 was given in [13] . The links between ODEs and Gl(2)-structures were also exhibited in [10, 12, 16, 21] .
Simultaneously, the serious progres has been made in understanding geometry of non-holonomic distributions and wide classes of distributions have been classified [3, 8, 9, 18] . It is worth to mention that the new impact came form control theory and works on so-called singular curves which, in many cases, allow to understand the geometry of distributions (see [1, 14, 15, 20, 22] ). In the present paper we show that the two topics: Gl(2)-structures and distributions, are strongly related.
To be more precise, we consider rank 3 distribution D on a 6-dimensional manifold M and assume that D has growth vector (3, 5, 6) In the second case D is uniquely determined by D 2 which has growth vector (2, 3, 5, 6) . All distributions of type (2, 3, 5, 6) were classified by B. Doubrov and I. Zelenko in [8] and therefore, in what follows, we will assume that D 2 is integrable. For a convenience we will denote
Now, assume that (X 1 , X 2 ) is a local frame of D 2 and let Y be a vector field complementing X 1 and X 2 to a local frame of D. Define
and we can complement this tuple to the full local frame on M by choosing a vector field Z. Following B. Doubrov [6] we define a 2 × 2 matrix-valued function (a ij ) by the formula
It is straightforward to check that for any x ∈ M the matrix (a ij (x)) is symmetric and if we make a different choice of Y and Z then it is multiplied by a number. Moreover if we take different X 1 and X 2 the matrix (a ij (x)) transforms as a bilinear form. Therefore at each point x ∈ M there is a well defined bilinear symmetric form on D 2 (x) given up to multiplication by a number. There are three cases depending on the signature of (a ij (x)): if (a ij (x)) is definite then we say that D is elliptic at x, if (a ij (x)) is indefinite then we say that D is hyperbolic at x or if (a ij (x)) is not of a full rank then we say that D is parabolic at x. The parabolic case splits to the two subsequent cases: if (a ij (x)) has rank 1 then we say that D is non-degenerated parabolic at x or if (a ij (x)) has rank 0 then we say that D is degenerated parabolic at x. Definition. A (3, 5, 6)-distribution D is regular at x ∈ M if there exists a neighbourhood of x such that the signature of (a ij ) is constant in this neighbourhood (D is either elliptic or hyperbolic or non-degenerated parabolic or degenerated parabolic). Otherwise we say that D is singular at x.
Clearly if D is elliptic or hyperbolic at x then it is also elliptic or hyperbolic in a small neighbourhood of x and thus all elliptic and hyperbolic points are regular. On the other hand there are singular parabolic points, but we will not consider them in the present paper. We will consider a problem of local equivalence of (3, 5, 6 )-distributions at regular parabolic points and thus we will just say that D is parabolic (degenerated or non-degenerated ).
In the whole paper we say that two structures on a manifold are equivalent if there exists a diffeomorphism transforming one structure onto the other. 
where V is an extension of v ∈ D 5 (x) to a local section of D 5 . The mapping has 4-dimensional kernel which does not depend on the choice of Y . Therefore there is a well defined subdistribution
where V is an extension of v ∈ D 2 (x) to a local section of D 2 . This mapping has one dimensional kernel D 1 ⊂ D 2 which is again invariantly assigned to a distribution.
If D is non-degenerated parabolic then the situation looks similar. Namely the matrix (a ij (x)) which is a bilinear form on D 2 has one dimensional kernel for any x and thus we have rank one distribution
Denoting D 3 = D, in both cases we get the flag
Proof. 
On the other hand we get
In the non-degenerate case we may assume that
and apply Jacobi identity. On the one hand we get
for some sectionX of D 2 and some sectionỸ of D 5 . But, by definition of our frame the only non-zero entry of (a ij ) is a 22 and thus we get [X,
As a result we get f = 0 as desired. Now we can define the fundamental reduction of parabolic (3, 5, 6)-distribution. Namely, from (1) it follows that D 1 is contained in Cauchy characteristic of both D 2 and D 4 . Thus we can consider (at least locally) the quotient manifold N = M/D 1 with the quotient mapping q : M → N and with two well defined distributions
There exists also a converse construction and it appears that the reduced pair (B 1 , B 3 ) contains all information about the original distribution D. Having a pair (B 1 , B 3 ) on a manifold N we consider first the quotient vector bundle B 3 /B 1 → N and then we define a manifoldM
by taking the total space of the projectivisation of the bundle B 3 /B 1 → N.M is a manifold of dimension dim N + 1 and we have a fibration π :M → N. OnM we define a canonical rank 3 distributioñ
where for x ∈M , which is an element of P (B 3 (π(x))/B 1 (π(x))), we denote by L(x) a two dimensional subspace of B 3 (π(x)) containing B 1 (π(x)) and defining x ∈ P (B 3 (π(x))/B 1 (π(x))). By definitionD 3 contains the vertical rank-one distributioñ D 1 tangent to the fibres of π. There is also a well defined subdistributionD 2 = π 
is a local diffeomorphism which establishes an equivalence of flags (D i ) i=1,...,4 and (D i ) i=1,...,4 . In particular D 3 andD 3 are equivalent.
Proof. The first and the third relation of (1) allow us to define the reduction.
for any x ∈ M and i = 1, 2, 3, 4. Therefore, in order to finish the proof it is sufficient to prove that Φ is a local diffeomorphism, i.e. the fibres of q are transformed onto the fibres of π. But this follows from the second relation of (1). Namely there exists a section X of
Directly from Lemma 3.2 we get the following 
Degenerated case
In this section we consider degenerated parabolic (3, 5, 6)-distributions. 
It follows from statements 1 and 2 that B 3 has growth vector (3, 4, 5) and thus it has Cauchy characteristic C which is of rank one. C does not coincide with B 1 since [B 1 , B 3 ] = B 4 . Therefore B 2 = C ⊕ B 1 is a distribution of rank 2. To prove that B 2 is Cauchy characteristic of B 4 let us choose a vector field V which spans B 1 and a vector field W which spans C. Moreover, let U be a vector field complementing (V, W ) to a local frame of
Now we are ready to prove our first main result. Theorem 4.2 All degenerated parabolic (3, 5, 6)-distributions are locally equivalent to the canonical Cartan distribution on the mixed jet space J 2,1 (R, R 2 ). In natural coordinates (t, u, v, u 1 , u 2 , v 1 ) on J 2,1 (R, R 2 ) the distribution is annihilated by the following one-forms 
Non-degenerated case
In this section we consider non-degenerated parabolic (3, 5, 6)-distributions. In this case, besides relations (1), we also have the following relations
All of them follows directly form the definitions. It is reasonably to introduce the following graded Lie algebra at each point
where
and bracket in g(x) is defined in a standard way using Lie bracket of vector fields. Lie algebra g(x) is assigned to a distribution D at point x in an invariant way and it will be called symbol algebra Our first aim is to classified all possible graded Lie algebras g =
g −i which can appear as a symbol of a non-degenerated parabolic (3, 5, 6)-distribution.
g −i be a symbol algebra of a non-degenerated parabolic (3, 5, 6)-distribution D at some point x ∈ M. Then there exists a basis e 1 , . . . , e 5 , e 7 of g such that e i spans g −i , Remark. The two symbols appear in the paper [19] and are denoted: m6 3 3 (for d = 0) and m6 3 4 (for d = 1). Flat distributions on Lie groups corresponding to thees two graded Lie algebras have infinite dimensional algebras of infinitesimal symmetries. For simplicity, m6 3 3 we will denote g 0 and m6 3 4 we will denote g 1 .
In the next two lemmas we provide basic properties of the reduced pair (B 1 , B 3 ) associated to a non-degenerated parabolic distribution. (2)).
To prove statement 3 let us choose a vector field X which spans B 1 and consider a mapping
where V is an extension of v ∈ B 3 (x) to a local section of B 3 . It follows from statement 1 that this mapping has two dimensional kernel and in this way we define B 2 (x).
Note that if B 3 has growth vector (3, 4, 5) then it has Cauchy characteristic C, which is a distribution of rank 1. Then B 2 = B 1 ⊕ C. If B 3 has growth vector (3, 5) then it is well known that the square root of B 3 exists. This square root is exactly B 2 defined above.
To prove that any pair (B 1 , B 2 ) satisfying conditions 1 and 2 defines a nondegenerated parabolic (3, 5, 6) In order to exclude singular points we will need one more regularity condition.
Definition. A non-degenerated parabolic (3, 5, 6 )-distribution D is called completely non-degenerated if the associated distribution B 2 has locally constant growth vector.
It follows that if D is completely non-degenerated then either B 2 is integrable or [B 2 , B 2 ] = B 3 . In the second case B 3 is determined by B 2 and thus D is determined by the pair (B 1 , B 2 ) .
In view of Lemma 5.3 and Lemma 5.2 there are four possibilities at a point x ∈ M. A non-degenerated parabolic (3, 5, 6)-distribution can have a symbol algebra g 0 or g 1 and B 2 can be integrable or not. Note that if D has symbol g 1 at x then it has symbol g 1 in a neighbourhood of x.
Remark. In the paper [16] we have introduced the notion of regular pairs. We say that a pair (E, F ) of two distributions on a manifold M of dimension n is regular if
It is proved in [16] that the notion of regular pairs generalises the notion of ODEs. Namely, for a given equation of order k + 1 we have a canonical regular pair on the space of k-jets. The pair consists of Cartan distribution and rank one distribution spanned by the total derivative. Pairs which are locally diffeomorphic to pairs which come from ODEs are called of equation type. An intrinsic characterisation of such pairs is given in [16] .
For a regular pair there is also a notion of Wünschman condition, which generalises the notion of Wünschman condition in the case of ODEs. We proved in [16] that there is one-to-one correspondence between Gl(2)-structures and regular pairs satisfying Wünschman condition. Now we are in position to state our main results. [7] , where a prove is given that for an arbitrary equation of 4th order there is a normal Cartan connection on a T (2)-bundle. The result can be generalised to the case of an arbitrary regular pair and we will provide a proof in a forthcoming paper [17] . However, in the general case one do not get a Cartan connection, but just a frame on a bundle.
Theorem 5.5 Let D be a completely non-degenerated parabolic (3, 5, 6) Remark. Since all regular pairs on 4-dimensional manifolds are of equation type (see [12, 16] ), the problem of equivalence of parabolic (3, 5, 6)-distributions described in Theorem 5.5 is reduced to the problem of contact equivalence of ODEs of third order. The last problem was solved by Chern [5] who constructed a Cartan connection taking values in sp(4, R) (see also [7] ).
Open problem. Classify all non-degenerated parabolic (3, 5, 6)-distributions with integrable B 2 and symbol g 1 . In this case B 3 is equivalent to Cartan distribution on the space J 1 (R, R 2 ) and B 2 is its integrable subdistribution tangent to the fibres of the projection
. However the choice of B 1 ⊂ B 2 seems to lead to non-equivalent D.
Symmetric models and PDEs
In this section we will provide examples of non-degenerated parabolic (3, 5, 6)-distributions.
We start with two flat models. Namely, for algebras g 0 and g 1 we can construct Lie groups G 0 and G 1 such that g i is the Lie algebra of G i . Then on G i , for i = 0, 1, we can define a left-invariant rank 3 distribution D i such that at the identity element e ∈ G i we have
. Then it is clear that on G i there exists a frame (X 1 , X 2 , Y, Y 1 , Y 2 , Z) of left invariant vector fields which is adapted to D i in a sense of the proof of Lemma 5.1 and have structural constants such as algebra g i . Moreover any distribution which has an adapted frame with structural constants such as algebra g i is locally equivalent to the distribution D i on G i . We call D i the flat distribution of type g i . Below we will presents PDE models for D 0 and D 1 , but before we do this we will show models of distributions corresponding to ODEs from Theorems 5.4 and 5.5. They can be relatively easy obtained in a proces inverse to the reduction of Section 3.
Any non-degenerated parabolic (3, 5, 6 )-distribution D with integrable B 2 and constant symbol algebra g 0 is locally equivalent to a distribution on R 6 , with coordinates (u 1 , u 2 , u 3 , x, y, z), annihilated by the following one-forms du 1 − u 2 dx, du 2 − zdx, du 3 + F (x, u 1 , u 2 , z)ydx + zdy for a function F in four variables (the function can be arbitrary). Substituting u := u 1 and v := u 3 we get that the distribution defines the following system of PDEs u y = 0, v y = −u xx , v x = −F y.
A function F is just a function which defines the corresponding 3rd order ODE ϕ ′′′ = F (t, ϕ, ϕ ′ , ϕ ′′ ).
Similarly, any non-degenerated parabolic (3, 5, 6 )-distribution D with non-integrable B 2 and constant symbol algebra g 0 is locally equivalent to a distribution on R 6 , with coordinates (u 1 , u 2 , u 3 , x, y, z), annihilated by the following one-forms 
where G(x, y, u, u x , u xx , v) = F (x, u, u x , u xx , v + yu xx ) − yv − y 2 u xx . A function F defines the corresponding 4th order ODE ϕ (4) = F (t, ϕ, ϕ ′ , ϕ ′′ , ϕ ′′′ ).
Taking F = 0 in (3) and (4) we get the models of distributions corresponding to the trivial equations ϕ ′′′ = 0 and ϕ (4) = 0. Explicite, we have
for order 3, and
for order 4. Note that (5) gives also a PDE model for the flat distribution with symbol algebra g 0 . On the other hand (6) corresponds to the flat Gl(2)-structure on 4-dimensional manifold.
A PDE system corresponding to the flat distribution with symbol algebra g 1 has the following form u y = 1 2 (u xx ) 2 , u xy = 0, v y = u xx , v x = 0.
Open problem. Find PDE systems corresponding to all parabolic (3, 5, 6)-distributions with symbol algebra g 1 .
